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ABSTRACT
The paper introduces a new analytical approach for estimating blocking probabilities in all-optical networks. The
assumptions of the classical Lee approximation are discussed and their effects are evaluated. The paper proposes
a better substitute for the independent link assumption. The new assumption takes all active paths, as well as
all free links, as independent objects on the network topology. The new model is shown to generate estimates
that fit exactly the blocking probabilities obtained through simulations on linear topologies using Poissonian,
spatially homogeneous traffic. A extension to regular meshes is presented that is asymptotically good for very
small and very large nodal degrees. Finally, the independent wavelength assumption is also evaluated for two
different wavelength assignment algorithms.
Keywords: Blocking probability, all-optical networks, WDM, wavelength-routed networks
1. INTRODUCTION
When lightpaths are established between nodes in wavelength-routed all-optical networks, frequency selective
switches from the origin node to the destination node must route them. In WDM networks without wavelength
changers, both a route and a wavelength from a pool must be assigned to the path. In the overlay model for
networking, multiple link paths are set up and may be taken down under demand from upper layers in the
network hierarchy.
The limitation of resources in the physical layer, which may be invisible to the upper layers, will cause
blocking of some requests for lightpaths. It is important to estimate the blocking probability of calls based on
the expected traffic demand on the network. This problem was extensively discussed for networks with and
without wavelength changers, for the purpose of estimating the capacity gain generated by the availability of
wavelength conversion in all nodes.2 The discussion was based on the use of the Lee approximation, which
had been proposed a long time ago for the purpose of facilitating the calculation of blocking probabilities in
circuit-switched telephone networks.1 In spite of its shortcomings, the Lee approximation is still commonly used
in the estimation of blocking probabilities in optical path networks.6 In7 the numbers of idle wavelengths in
different links of a route are taken to be independent, thus also implying the Lee hypothesis.
With current technology, the nodal degrees of wavelength routing networks are small, rendering the Lee
approximation very inaccurate. This is a motivation to look for improvements, especially for small nodal degrees.
The limiting situation in this respect is given by the linear topologies (e.g. rings), where each node has degree 2.
Section 2 discusses the assumptions in the Lee approximation, focusing on the relative impact of the inde-
pendent link and independent wavelength assumptions in WDM networks. A better substitute is proposed for
the independent link assumption in Section 3, and its quality is evaluated for linear topologies. The results are
extended in Section 4 to regular meshes with uniform nodal degrees. The independent wavelength assumption
is discussed in Section 5.
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2. THE LEE APPROXIMATION
In3 the Lee hypothesis is presented as comprising two assumptions:
1. the independent path assumption; and
2. the independent link assumption.
The independent path assumption says that parallel paths are blocked independently. In WDM networks
without wavelength changers, a route and a wavelength from a pooi define a path. If we assume that routes
are predefined for each source-destination pair (as usually done in current protocols) ,we may then identify this
assumption as an independent wavelength assumption.
In the random wavelength assignment algorithm, a wavelength is chosen randomly among those that can
support the requested path. This will lead to a balanced load among all wavelengths, so that they will all
present the same probability Pb(P) of not supporting some requested path, where p is the rate of occupancy of
the network. The latter is defined as the ratio between the number of active path links and MW, where M is
the number of links of the physical topology and W is the size of the wavelength pooi. Under the independent
wavelength assumption, the network blocking probability for a path request would then be:
Pb(p) = [pb(p)]W, (1)
where Pb 5 the probability that the request cannot be accommodated by any wavelength, thus being blocked by
the network; while Pb 15 the probability that the requested path cannot be supported by an individual wavelength.
The latter is wavelength-invariant for load-balancing algorithms like the random one, but not for any algorithm.
Even though Equation 1 is widely used, it only applies the wavelength independence assumption to the
random algorithm, introducing some error in the estimation of its blocking probability. This probability, on its
turn, is known to be higher than produced by other better-performing wavelength assignment For
these reasons, evaluation of the independent wavelength assumption should be referred to the specific wavelength
assignment algorithm under consideration.
The independent link assumption states that all links are available independently, i.e. the probability of a link
being available at any given wavelength is (1 — p) regardless of the states of its neighbors. Thus the probability
that a wavelength does not support a request for a path with H hops is estimated as:
pb(p)1_(1p)H, (2)
where p is the network occupancy at the wavelength under consideration.
3. OBJECT INDEPENDENCE IN LINEAR TOPOLOGIES
The independent link assumption recognizes the existence of only two kinds of objects in the network: single free
(available) links, which do support requests for new paths; and single busy links, which do not support them.
Actually, however, independent single busy links may occur only in 1-link paths. Any path with H > 1 links
will give rise to a set of H spatially connected busy links.
In mesh networks, an H-link path may take several different shapes. In linear networks such as rings,
however, it will have only one shape (congruence), so that it can be characterized as a member of a separate
object class. It is then possible, without undue increase in complexity, to replace the independent link assumption
by an independent object assumption that recognizes the actual sets of busy links (paths) as they appear in the
network, and assumes that succeeding objects and not necessarily links are independent.
We shall do this by first considering a linear network where all paths have the same size H, so that there will
be only two classes of objects: free links with unit size; and paths with size H. The results will then be extended
for the case of multiple-size paths.
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3.1. Single-size Paths
Consider a linear network with N links that either accommodates or blocks requests for H-link paths. Let rn be
the number of free links, and H be the number of active paths, so that:
N=m+HnH. (3)
The occupancy rate will be:
HnH
P=-7p. (4)
Both m and H may then be determined from (3) and (4) as functions of p and N:
m=(1-p)N (5)
pN (6)
Without loss of generality, we will say that the leftmost link in a path is the first one, its neighbor in the
path is the second, etc. and the rightmost link is the last one in the path. Then, two conditions are necessary
and sufficient for a path request to be supported by the network:
1. The first link of the requested path must be free. This will occur with probability:
pfy1p. (7)
2. Starting from the second link, the next (H — 1) neighbors must be free links. After finding k free links,
including the first one, the probability that the next object in the sequence (of objects, not links) is a free
link is not (1 — p), but rather:
rn—k
= (1—p)N—k
m-k+nH (1-p+)N—k
k=1,2,3,...,H—1.
For very large N, then, the probability Pnf that the next object is a free link becomes independent of k:
'—pPnf p. (8)
, -p+
Notice that (7) yields the same probability estimate as the Lee approximation, but (8) yields a different
estimate. The difference may be understood by considering the situations of two different observers: observer
A is outside the network, and picks a random link; while observer B is on a free link, and picks the next link
to its right. For observer A, the randomly picked link might be any one of the pN busy links, or any one of
the (1 — p)N free links. Therefore, the probability of A finding a free link is just given by (7), as prescribed
by the Lee approximation. For observer B, however, the situation is quite different, as the next right link can
only be either any one of the (1 — p)N — k remaining free links, k H —, or the leftmost link of any one
of the pN/H active paths. All other links are inaccessible (or "invisible") to B, making (8) a more reasonable
assumption than (7).
Under an independent object assumption, all H events considered above are independent, so that the per-
wavelength blocking probability is then estimated as:
Pb(P) = _pfpflfH 1 = , — ( )H (9)('-+)
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For H = 1, both (9) and (2) yield Pb = p, which is trivial. For H > 1, (9) corrects (2) downwards, as
expected. Equation (9) has an interesting asymptotic limit for large H:
hmpb(p) = 1 - [(1
_ P) exp (-)] . (10)
Notice that the Lee approximation predicts that the blocking probability will tend to 1 when H —oc for any
positive p, which is clearly incorrect for linear topologies. If single-size linear segments are placed randomly
without overlapping on a linear axis, the asymptotic limit in (10) represents the probability of a randomly placed
new segment colliding with an existing one. In other words, (10) is the "unslotted" blocking probability for
single-size paths of any size, which is clearly less than 1.
Whether (9) and (10) are exact or approximate will depend on the traffic dynamics and spatial distribution.
We have compared (9) with the blocking probability estimate obtained from simulation on a 60-node ring with
H = 2, 5 and 10. The simulated traffic is spatially uniform and memoryless in time, meaning that arrivals are
Poissonian and service time is exponentially distributed. The result for H=5 is shown in Fig. 1. The simulated
results fit (9) so well, that we are led to conclude that the equation is exact for this kind of traffic. This conclusion
is plausible due to the uniform spatial distribution of requests.
Single-size Paths
Ring Topology with N=60, H5
/•
/./
—u--- Lee Model
-' Our Model
Simulation
//
U,//
/
—'--—"--'--—-
0,0 0,2 0,4 0,6 0,5 1.0
Occupancy (p)
Figure 1. Both models and simulation for single-size paths (H=5).
3.2U Multiple-size Paths
The results of the previous Section will now be extended to the case when requests may be made for paths with
any size. Using the same arguments as for the derivation of (9), the blocking probability for a request for a path
with i links will be:
Pbi 1 — (1
— p)O i-i , (11)('P+i)
where pN is the number of links belonging to paths with size i.
Since the number of paths with i links is pN/i, the mean active path length is, if and when it exists:
;= i = p (12)
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Substituting into (11) yields:
Pbi 1 — (1
— p)i i-i • (13)(i_+)
Since H is a function of p Equation 13, unlike (9), is not sufficient to describe the blocking probability
as a function of the occupancy. The performance in this case depends also on the spatial profile of the traffic
demand. Let ii be the traffic intensity of i-link path requests in Erlangs per node. We will assume that the
traffic demand is homogeneous, i.e. all nodes request connections with their neighbors according to the same
pattern with respect to their position. We will say that the traffic is uniform if this pattern is fiat, i.e. if ií =
for i = 1, 2, . . . , Hmax, where Hmax 5 a maximum allowed path length.
Identifying the birth and death rates of i-link paths in the network, we have for equilibrium:
vj(1—pbj)=4 (14)
for unidirectional networks, and
ti(1 Pbj) = (15)
for bidirectional networks. If z is the nodal out degree, for unidirectional linear networks we have L = 1, and
for bidirectional linear networks, L = 2.
Therefore, for unidirectional and bidirectional networks:
i: ivj(1—pb)
=
Vi(1Pbi) (16)
Substituting (16) into (13) yields:
Pbi 1 — (1
— p) i-i (17)
pvj(1 Pbj)
1—p+
jvj(1—pbj)
Given p and a set of Pbi'5, (17) may be used to yield a new set of Pbi', until convergence is observed. Notice
that the absolute values of the traffic demand intensities i's are not needed for this purpose, as (17) is invariant
to a multiplication of {v} by a positive scalar. Only the traffic demand spatial distribution needs to be specified.
Once convergence is obtained, the overall blocking probability will then be:
Pb . (18)
3.3. Uniform Traffic
The uniform distribution is especially interesting from an analytical standpoint, but may also be important
in some practical cases (e.g., rings). This subsection derives useful expressions for the iterative calculation
of blocking probabilities when traffic is spatially uniform. Our numerical experiments have shown that their
adoption yields convergence for any occupancy p.
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In uniform traffic all v are equal to some constant v, which is the traffic demand in Erlangs per source-
destination pair. We then have from (16):
i(1 Pbj)
= (1Pbi) ' (19)
where the summations are taken over all allowed path lengths.
Two cases are considered in the sequel: bounded paths, for which there is some maximum allowed length
Hmax; and unbounded paths, for which Hmax " 00. If the path lengths are bounded, H will clearly exist and
be finite. If they are unbounded, it is not clear whether H exists or not. If and when it does, however, we may
plug (13) into (19) and write: iri
i=ri
(20)
where:
'—pr= . (21)
,-p+ =H
By solving for the summations in (20) , we can obtain closed-form expressions for if and when it exists.
3.3.1. Unbounded Path Size
If path lengths are unbounded, the summations in (20) have infinite elements, but they both converge, yielding:
,_r \ p
H2_, (22)
Notice that (22) yields unacceptable values for when p < . This may be explained by summing (14) over
all i: 00 oc
p= = v0(1 —p)ir'.
Performing the summation and using (21) and (22) will then yield:
2I P \Il—Pp=v°(1—p) l+2p1)p
I 4
1 + /1 - ___
2
4+vo (23)
Equation 23 shows that even when the traffic intensity per source-destination pair v0 is very small, it will
be enough to make p = , i.e. one half of all links will be busy in equilibrium. This happens because the total
traffic intensity per node is infinite for any positive v0. Therefore, Equation 22, as well as this whole subsection,
makes sense only for p  . There is no point in looking for solutions for p < , since this will not occur for this
kind of traffic. We may also conclude that the mean path length H will always exist for this topology.
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Multiple-size paths
Ring Topology with N=60, Hmax=1O and Hmax2
[1I
0,0 0,2 0,4 0,6 0,8 1,0
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Figure 2. Our model and simulation for bounded paths; Hmax 2 and Hrnax —10.
Plugging (22) into (13), we finally have:
(1— )i
Pbi 1 — pl ' (24)
which is valid only for p  .
For extremely low traffic intensities, p will approach , so that Pbi will also approach for any i. Thus the
overall blocking probability will start at for very low traffic intensity, and jump to 1 as v takes finite values.
This is of course associated with the fact that traffic demand is dominated by requests for very large paths.
For any given i, though, blocking probability is finite and given by (24) , which stands out as an upper bound
for the blocking probability of i-link paths for bounded uniform traffic with any finite bound on the path length.
3.3.2. Bounded Paths
If Hmax 5 finite, the summations in (20) are done over all i from 1 to Hmax , yielding:
=- r-1 (25)
For any given p, the mean path length H may then be calculated numerically by iterating between (21) and
(25). Blocking probabilities may then be calculated from (13) and (18).
Fig. 2 shows the results of this calculation for Hmax 2 and 10, comparing them with estimates of the
blocking probability obtained from simulations. Again, one can check that the calculated estimates fit exactly
the simulation results, just as observed for the single-size case in Fig 1 for Hmax 5.
4. AN EXTENSION FOR REGULAR MESHES
This Section considers the case of bidirectional networks in which all nodes have out degree L\ > 2. This
encompasses several important regular meshes. For example, for L = 4, we may consider bidirectional Manhattan
Street networks and chorded rings.
In order to avoid an exponential explosion in the number of classes of objects as we increase their size, we
shall lump together all paths with the same size in the same class, even though they are not really congruent
anymore. This will of course make us lose any chance of exactness in our results, but we may still expect to get
reasonably good approximations.
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We shall say that two neighboring links are connected when they are both in the same active path. Without
loss of generality, let us assume that each link may be connected to one of its 2(L\ — 1) neighbors through a
dedicated interface. Each interface is adjacent to another interface from a neighboring link.
The interface is said to be open when its link is free, and closed when its link is busy. There are 2 ()(—
1) interfaces in the network, of which 2 ()( — 1)(1 — p) are open and 2 () ( — l)p are closed.
We distinguish between two types of closed interfaces. A closed interface is said to be inaccessible when it is
adjacent to a closed interface from another link of the same path as its link; otherwise it is said to be busy. Only
open or busy interfaces may be found adjacent to a free link. Inaccessible interfaces may be found only adjacent
to some busy link.
Under the independent object assumption, the probability that a free link is followed by another free link in
a predefined requested route is then the probability of picking an open interface in a collection of open and busy
interfaces:
NA(A — 1)(1 — p)
Pnf NA(A—1)(1—p)+nb' (26)
where b 5 the number of busy interfaces.
Let us first assume that all paths have the same size H. The end nodes of each bidirectional active path offer
(A — 1) busy interfaces each, and the remaining (H — 1) nodes offer 2(A — 2) each (we assume that the paths do
pNA
not present cycles or other pathological behavior). Therefore, summing over all —-— paths:
Thb[(A1)+(A2)(H1)] (27)
Substituting into (26) yields:
Pnf=
[1±()(H_1)]
(28)
Notice that for bidirectional linear topologies (A = 2), (28) is reduced to (8), while for A —p oc it implies the
Lee approximation (p = 1 — p) . Therefore the approximation is good at both extremes, so it seems reasonable
to expect it to perform well in the middle.
The per wavelength blocking probability will then be:
Pb = 1—PfPf1
1— H
= 1— H- (29)1
Notice that, except when A = 2, Pb will approach 1 when H is taken to infinity. Comparison with (10) shows
that the linear topology is actually friendlier to very long paths than the meshed ones when routing is predefined.
Finally, we consider multiple-sized paths. Following the steps of the previous Section, one may write:
i—pPnf =
i-P+j[i+ (A (ii)]
(30)
1 p (_1- A-i + A - iJ
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yielding the following per wavelength blocking probability:
(l_p)iPbi 1 — i—i (31)
1— + pA-i (A-i)
which reduces to (13) for A = 2 and to Lee approximation for A — oc.
Again, of course, H is not known a priori, but it may be derived from the traffic spatial profile through
iteration between (15), (16) and (31).
Manhattan with25 nodes Li_J
7Z'ET''IIII 11-i
0,0 0,2 0,4 0,6 0,8 1,0
Occupancy(p)
Figure 3. Our model and simulation for a Manhattan Street Network with 25 nodes, W = 1.
Fig. 3 shows the comparison between our model and simulation for a Manhattan Street Network with 25
nodes using Poissonian, memoryless traffic for one wavelength (W = 1). We assumed the routing assignment
as follows: a) one of the nodes is arbitrarily chosen as an origin node; b) when the origin node is not in the
same column as the destination node all paths take shortest-path horizontal routes (rows) first and shortest-path
vertical ones (columns) after, so we have L-shaped routes in this case. We can see from Fig. 3 that the simulation
results are close to the model described in this section for mesh topologies.
5. THE INDEPENDENT WAVELENGTH ASSUMPTION
We have found that the independent link assumption leads to significant error in the estimation of blocking
probabilities because only free links may be independent, while busy links are actually concentrated (thus highly
correlated) in paths. Regarding the independent wavelength assumption in multi-wavelength networks without
wavelength conversion, we cannot make the same criticism, since such networks may actually be regarded as an
aggregation of disjoint single wavelength sub-networks with a common physical topology. Therefore wavelengths
do stand as natural objects for an independent object assumption in such networks.
This Section discusses the application of an independent wavelength assumption in association with the
independent object (active path) assumption discussed for the single wavelength environment in the previous
Sections. As stated in the introduction, this discussion must be made separately for each wavelength assignment
algorithm.
5.1. Random Wavelength Assignment Algorithm
In this algorithm, the assigned wavelength is chosen randomly among all wavelengths where the requested path
may be accommodated. If no such wavelength exists, the request is blocked. The network blocking probability
for an i-link path request will then be, under the independent wavelength assumption:
Pbi =p, (32)
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where Pbi S the per-wavelength blocking probability of i-link path requests. As a function of p and the mean
path length -ii, the per-wavelength blocking probability is still given by (13), but now the mean path length
results from the global blocking probabilities:
iv(1 —Pbj) iv(1 —pT)i =i . (33)
v(1 — Pb) lJi(1 —p)
By substituting this expression into (13) , the following expression is obtained for the blocking probabilities
for a given occupancy and traffic demand spatial distribution:
Pbi' w (34)
1— p>vj(1—pb)p+ . w3V(l Pb)
As for (17) in the single wavelength case, this expression can now be solved by iteration and convergence.
The network blocking probability will then be given by:
i: VjPbj
Pb= = 1 (35)
: :
Notice that only for the single-size path case will (35) yield the commonly used Equation 1.
Blocking probabilities have been estimated by this approach, and the result has been compared with simu-
lations on a 60-node ring for W = 3 and 6, with traffic given by uniform size distributions with Hmax 2, 5
and 10. The results for W = 6 and Hmax 5 are shown on Fig. 4. The estimations approximate the simulated
results quite well, especially for very low and very high traffic intensities, but a small underestimation of the
blocking probability is evident for intermediate values of the network occupancy.
We believe that this underestimation error is associated with the non-homogeneity of the per-wavelength
traffic that is inherent in the algorithm: since the requests are randomly partitioned only among the available
wavelengths, the per-wavelength traffic will be more intense in those locations where more paths are active at any
given time, leaving lesser available wavelengths to share the traffic. This will invalidate the traffic homogeneity
assumption that underlies all our results from Section 3, rendering the real blocking probabilities always higher
than estimated. The only way to eliminate this non-homogeneity would be to change the algorithm in order to
partition the requested traffic blindly between all wavelengths, unnecessarily blocking all requests that could not
be accommodated by their assigned single wavelength. However, this would result in a very dumb algorithm that
would provide no trunking gain. Therefore, the observed underestimation is likely to arise in all good (" smart")
algorithms.
Fig. 5 shows the comparison between our model and simulation for a Manhattan Street Network with 25
nodes using Poissonian, memoryless traffic for (W = 6) wavelengths, using the random algorithm. Again, we
assumed the routing assignment as described in Section 4. We can see from Fig.5 that our model is close to the
simulation results for this kind of traffic.
5.2. First-fit Wavelength Assignment Algorithm
In its simplest version, first-fit algorithms use an arbitrary list of wavelengths as a priority list. The first
wavelength in the list that can accommodate the requested path will be assigned. Let the wavelengths of this list
be numbered 1, 2, 3 W. Wavelength 1 will then receive all requests, wavelength 2 will receive the requests
blocked by wavelength 1, wavelength 3 will receive the traffic blocked by wavelength 2, and so on. The network
will block only requests blocked by all wavelengths up through W.
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Figure 4. Independent wavelength assumption effect for
random algorithm, 60-Node ring, W = 6 and Hmax 5.
::iiii
Figure 5. Our model and simulation for a Manhattan
Street Network with 25 nodes, random algorithm, W = 6.
Let i4c be the i-link path traffic intensity submitted to wavelength k and p be the blocking probability of
i-link paths by wavelength k. Then:
lJI = lJ
k 11 23 k—i
I_li _ Vi PbjPbPb . . • Pbj , — ,
Pbj fJp.
p =:
:
Pb=
Multiple-size paths
Hmax = 5; W = 6; Random Aig.
.— SimulaSon
Our model
0,0 0,2 0.4 0,6 0,8 1,0
Our model and simulation
Manhattan StreetTopology with 25 nodes
1,0 Random Atgorithm, W6
Our model
—
Simulationj
0
Occupancy (p)
0,0 0,2 0,4 o,e
Occupancy (p)
0,8 1,0
Starting from wavelength 1, the per-wavelength blocking probability may be calculated for each wavelength
from Section 3, as well as the corresponding density p of links belonging to i-link paths on wavelength k. After
all calculations are performed, we have for the multi-wavelength network:
(36)
(37)
Finally, the occupancy and blocking probability are obtained for the given traffic intensities:
(38)
(39)
(40)
(41)
By scaling the traffic intensities up and down, one may then obtain the variation of blocking probability
with occupancy for any given traffic spatial distribution. Fig. 6 compare the results of simulations and calcula-
tions performed according with this model. The underestimation error is due to the non-homogeneity of traffic
submitted to all wavelengths from 2 on.
Fig. 7 shows the comparison between our model and simulation for a Manhattan Street Network with 25
nodes using Poissonian, memoryless traffic for (W = 6) wavelengths, using the first-fit algorithm. Again, we
assumed the routing assignment as described in Section 4. We can see from Fig.7 that our model is close to the
simulation results for this kind of traffic.
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Figure 6. Independent wavelength assumption effect for Figure 7. Our model and simulation for a Manhattan
first-fit algorithm, 60-Node ring, W = 6 and Hmax 5. Street Network with 25 nodes, first-fit algorithm, W = 6.
6. CONCLUSIONS
In the Lee method for estimation of blocking probabilities, the independent link assumption overestimates the
blocking probability, while the independent wavelength assumption underestimates it. In linear topologies, the
former effect is much more pronounced, leading to a large net overestimation.
We have presented a new approach that effectively replaces independent busy links by independent paths in
the independent link assumption, which is then renamed as an independent object assumption, where the objects
are free links and paths of specified sizes. In linear topologies with spatially homogeneous, memoryless traffic,
the new approach effectively eliminates the error introduced by the independent link assumption, thus drastically
reducing the total estimation error in the Lee method, and changing its sign when multiple wavelengths are used.
An extension of the new approach has been suggested for higher nodal degrees. The extension yields good
results for very large and very small degrees. The extended estimate was validated for bidirectional Manhattan
Street networks.
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